Abstract. In this paper we prove some classification theorems of real hypersurfaces in Mn(c) satisfying certain conditions on the covariant derivative of the structure Jacobi operator. We also prove the non-existence of real hypersurfaces with Codazzi type structure Jacobi operator in Mn(c).
Introduction
The study of real hypersurfaces of Kaehlerian manifolds has been an important subject in the geometry of submanifolds, especially when the ambient space is a complex space form. Complex space forms are the simplest Kaehlerian manifolds, and they are the complex case analogues of real space forms. The complex structure of the ambient space induced an almost contact structure on its real hypersurfaces. The interaction between the almost contact structure and shape operator results in interesting properties of real hypersurfaces in complex space forms (for instance, see [7, 11, 13, 14, 15, 19] ).
Let M n (c) be an n-dimensional non-flat complex space form with constant holomorphic sectional curvature 4c. It is known that a complete and simply connected non-flat complex space form is either a complex projective space (c > 0), denoted by CP n , or a complex hyperbolic space (c < 0), denoted by CH n . Throughout this paper, all manifolds, vector fields, etc., will be considered of class C ∞ unless otherwise stated and it is always assumed c = ±1 and n > 2. We also assume that M is a connected real hypersurface in M n (c), without boundary. Since we only study local properties, we do not distinguish between M and an open subset of M . Let N be a locally defined unit normal vector field on M . Denote by ∇ the Levi-Civita connection on M induced from M n (c). Let , denote the Riemannian metric of M induced from the Riemannian metric of M n (c) and A the shape operator of M in M n (c). We define a tensor field φ of type (1,1), a vector field ξ and a 1-form η by
where X ∈ Γ(T M ) and η(X) = X, ξ . Let D, called the holomorphic distribution, denote the distribution on M given by all vectors orthogonal to ξ at each point of M . Let α = Aξ, ξ . A real hypersurface M in M n (c) is said to be Hopf if ξ is principal, i.e., Aξ = αξ; and M is said to be totally η-umbilical if there exists a function λ such that AX = λX for all X ∈ Γ(D). It has been proved that λ must be a constant (cf. [2] , [10] ). The following celebrated theorems classify certain families of well-behaved Hopf hypersurfaces in CP n and CH n respectively.
Theorem 1. ([5]
) Let M be a Hopf hypersurface with constant principal curvatures in CP n . Then M is locally congruent to a tube of radius r over one of the following Keahlerian manifolds:
(A 1 ) hyperplane CP n−1 , where 0 < r < π/2; (A 2 ) totally geodesic CP p (0 < p < n − 1), where 0 < r < π/2; (B) complex quadric Q n−1 , where 0 < r < π/4; (C) CP 1 × CP (n−1)/2 , where 0 < r < π/4 and n > 4 is odd; (D) complex Grassmann G 2,5 , where 0 < r < π/4 and n = 9; (E) Hermitian symmetric space SO(10)/U (5), where 0 < r < π/4 and n = 15.
Remark 2. In CP n , a real hypersurface is a geodesic hypersphere of radius r if and only if it is a tube of radius π 2 − r over CP n−1 , where 0 < r < π/2.
) Let M be a Hopf hypersurface with constant principal curvatures in CH n . Then M is locally congruent to one of the following: (A 0 ) a horosphere; (A 1 ) a geodesic hypersphere CH 0 or a tube over a hyperplane CH n−1 ; (A 2 ) a tube over a totally geodesic CH p 0 < p < n − 1; (B) a tube over a totally real hyperbolic space RH n .
In the following, by a real hypersurface of type A, we mean of type A 1 , A 2 (resp. of A 0 , A 1 , A 2 ) for c > 0 (resp. c < 0). By using the above theorems, it is possible to obtain various classification theorems under conditions on certain symmetric operators, such as the shape operator, Ricci tensor, and the structure Jacobi operator.
The Jacobi operator R X with respect to a tangent vector field X on an open subset of M , is defined by R X (Y ) = R(Y, X)X, for Y ∈ Γ(T M ), where R is the curvature tensor on M . In particular, R ξ is called the structure Jacobi operator of M . Various conditions on the structure Jacobi operator have been considered for either characterizing certain classes of real hypersurfaces or non-existence problems. The study of real hypersurfaces with parallel R ξ was initiated in [16] . In [8] , a characterization of ruled real hypersurfaces in M n (c) under the condition (∇ X R ξ )ξ = 0 for all X ∈ Γ(D) was given, and the non-existence of real hypersurfaces in M n (c) with D-parallel and D-recurrent R ξ can be deduced due to this result. In [4] , real hypersurfaces in M n (c) with cyclic-parallel R ξ have been studied; and in [17] , real hypersurfaces in CP n with Lie ξ-parallel R ξ were considered.
In [6] and [9] , the following conditions for the shape operator A and the Ricci tensor S
have been studied respectively for real hypersurfaces in CP n . In [3] , these two conditions were considered for real hypersurfaces in CH n . The study of such conditions was motivated by the non-existence of real hypersurfaces in M n (c) with either parallel shape operator or parallel Ricci tensor (cf. page 243 and page 271 of [12] ). On the other hand, there does not exist any real hypersurfaces in M n (c) with parallel R ξ as proved in [16] . It is natural to study a similar condition on R ξ in the following theorem.
for all X, Y ∈ Γ(T M ) if and only if M is totally η-umbilical, i.e., it is locally congruent to one of the following real hypersurfaces: for c > 0, (a). geodesic hyperspheres in CP n ; for c < 0, (a). geodesic hyperspheres in CH n ; (b). tubes around complex hyperbolic hyperplane in CH n ; (c). horospheres in CH n . Furthermore, we have k = 0.
Let F be a tensor field of type (1, 1) on M . F is said to be of Codazzi type if for any X, Y ∈ Γ(T M ),
The condition (2) is weaker than the parallelism of F , and it is natural since for a totally geodesic hypersurface in a Riemannian manifold (if it exists), the shape operator is of Codazzi type. A Riemannian manifold is said to have harmonic curvature if its Ricci tensor is of Codazzi type. This cannot happen for a Hopf hypersurface in M n (c) (cf. [12, page 279] ). Moreover, in [18] , the non-existence of real hypersurfaces in CP n with Codazzi type structure Jacobi operator has been obtained. We will generalize this statement in Theorem 5.
Theorem 5. There does not exist any real hypersurface M in M n (c) with its structure Jacobi operator of Codazzi type.
In order to prove Theorem 4 and Theorem 5 simultaneously, we consider a generalized condition in Theorem 6.
for all X, Y, W ∈ Γ(T M ), if and only if M is a totally η-umbilical real hypersurface, or an arbitrary Hopf hypersurface with α = k = 1, c = −1. Furthermore, we have k = 0.
Finally, Theorem 4 and Theorem 6 give two equivalent characterizations for totally η-umbilical real hypersurfaces in CP n , as stated in the following corollary.
Corollary 7. For a real hypersurface M in CP n , the following conditions are equivalent:
(a). (1) holds for all
Preliminaries
Let M be a connected real hypersurface in M n (c) without boundary. The set of tensors (φ, ξ, η, , ) is an almost contact metric structure on M , i.e., they satisfy the following
From the parallelism of J, we get
Let R be the curvature tensor of M . Then the Gauss and Codazzi equations are respectively given by
From the Gauss equation, we have
for any X, Y ∈ Γ(T M ). For a Hopf hypersurface M in M n (c), it can be proved that α is a constant (cf. [7] ). The following cited results will be used in the proof of our theorems. for c > 0, (a). geodesic hyperspheres in CP n ; for c < 0, (a). geodesic hyperspheres in CH n ; (b). tubes around complex hyperbolic hyperplane in CH n ; (c). horospheres in CH n .
The corresponding principal curvatures of the real hypersurfaces in Theorem 9 are in Table 1 (λ is the principal curvature such that AX = λX for X ∈ Γ(D)). 
Let β = ||φAξ||. If M is a non-Hopf real hypersurface in M n (c) then β > 0.
We can define a unit vector field U in Γ(D) by U = − 1 β φ 2 Aξ and a distribution
Lemma 10. ( [8] ) Let M be a non-Hopf real hypersurface in M n (c). Suppose M satisfies the following: (a) Aξ = αξ + βU , AU = βξ + γU and AφU = δφU for some functions γ and δ on M ; (b) there exists a unit vector field Z ∈ Γ(D U ) such that AZ = λZ and AφZ = λφZ for some function λ on M .
Then we have
Proof. Suppose M is such a real hypersurface satisfying (a) and (b). Taking inner product in the Codazzi equation
with φZ, we obtain β ∇ Z U, φZ = λ 2 − αλ − c.
Taking inner product in the Codazzi equation
with Z, we obtain (δ − λ) ∇ Z φU, Z = φU λ.
By using
Taking inner product in the Codazzi equation (∇ Z A)φZ − (∇ φZ A)Z = −2cξ with ξ and U respectively, we obtain
Combining these two equations, we obtain
From (7) and (8), we get (6).
Lemma 11. ( [7] ) Let M be a Hopf hypersurface in M n (c) with Aξ = αξ. Then 2AφA − α(Aφ + φA) − 2cφ = 0.
A Lemma
In this section, We shall obtain a lemma that is useful for the proof of the nonHopf case of our theorems. The generalized condition in this lemma enables it to be applied in a number of problems.
Lemma 12. Let M be a non-Hopf real hypersurface in M n (c). Suppose M satisfies Aξ = ǫcξ + βU , AU = βξ + ǫ(β 2 − c)U , AφU = −ǫcφU , where U is a unit vector field in D, β is a nonvanishing function defined on M and ǫ = ±1. Then c > 0 and there exists a vector field X ∈ Γ(D U ) such that AX = −ǫX.
Proof. Suppose M is such a real hypersurface. Taking inner product in the Codazzi equation (∇ U A)φU − (∇ φU A)U = −2cξ with U and ξ respectively, we obtain
−β ∇ U φU, U + 3cβ 2 − 4c 2 + 2c − φU β = 0.
From these two equations, we obtain
with U , ξ, φU respectively, we obtain
From (12) and (13), we obtain
By summing up (10) and (15), we obtain c(c − 1) = 0, which cannot happen when c = −1. Hence c = 1 and (10) becomes
By substituting (16) into (9), we have
From (13), we have
In order to prove the second assertion, we shall suppose to the contrary that for any Z ∈ Γ(D U ), AZ = −ǫZ. Take inner product in the Codazzi equation (∇ Z A)ξ − (∇ ξ A)Z = −φZ with U , φU , ξ respectively, 
Taking inner product with Z in (11), we have
From (14), (23) and ∇ φU U, ξ = −ǫ, we obtain
Hence
From (17), (22) and ∇ U U, ξ = 0, we obtain
From (18), (21) and ∇ ξ U, ξ = 0, we obtain
Finally, we also have
Let X = U , Y = φU and Z = U in the Gauss equation. Then we have
On the other hand, it follows from (16), (24)- (29) and
From (30) and (31), we see that β is a constant. This contradicts (16).
Auxiliary propositions
In this section we mainly focus on the Hopf case and prove some propositions about Hopf hypersurfaces in preparation for the proof of our theorems.
Proof. For a totally η-umbilical real hypersurface M , we have
for any X ∈ Γ(T M ), where λ and α are two constants. Applying (32) and Theorem 8 to (5), we have
Hence M satisfies (1). From Lemma 11, we have λ 2 = αλ+c, hence λ = 0. Then from the right-hand side of (33), we see that k = −λ(c + αλ) = −λ 3 = 0.
Proposition 14. Let M be a Hopf hypersurface in CH n with α = 1. Then M satisfies (3) for k = 1 and does not satisfy (1) for k = 1.
Proof. We suppose k = 1. Then (5) reduces to
By a direct computation, we have (∇ X A)ξ = φAX − AφAX. Substituting this equation into (34), we obtain 
for any X, Y, W ∈ Γ(T M ).
Proposition 15. Let M be a Hopf hypersurface in M n (c) satisfying (3). Then either (1) . M is a totally η-umbilical real hypersurface; or (2) . α = k = 1, c = −1.
Proof. Recall that α is a constant when M is Hopf. Let X = ξ, Y, W ∈ Γ(D) in (37), we have
Let Y ∈ Γ(D) be a unit principal vector field with AY = λY and let W = φY in (38). Then (α 2 + c)λ + (αc + k) = 0.
We consider two cases:
Since Y is an arbitrary unit principal vector field in Γ(D), we have AX = λX for all X ∈ Γ(D), where
Therefore, M is totally η-umbilical. Case-ii. α 2 + c = 0. Then c = −1, and by replacing the unit normal vector field N with −N if necessary, we have α = 1. By (39), we have k = α = 1.
Proof of the theorems
In this section we first prove the non-existence of non-Hopf real hypersurface satisfying condition (1) Proof. Suppose M is a non-Hopf real hypersurface satisfying (3) with Aξ = αξ + βU , β a non-vanishing function and U ∈ Γ(D) a unit vector field. Let X = ξ in (41). Then we have α = 0 and
Let X = φU in (41). Then with the help of (42) we obtain
Taking inner product with φU in (44), we have Y α = 0.
Then with the help of Y α = 0, we have
Then by the fact that Y α = 0, we have
From (45) and (46), we have (ξα − α β U α)AY + cφAY + (αc + k)φY = 0.
Let Y be unit vector field with AY = λY and take inner product with φY in (47). Then we obtain cλ + αc + k = 0.
Therefore,
for any X ∈ Γ(D U ). On the other hand, if we put X = Y in (41), then we have
From (48) and (50) we have λ 2 = c.
Hence c = 1 and λ = ±1. It follows that φU λ = 0. So by Lemma 10, (42) , (50) and (51), we obtain α = −λ(= ∓1) and k = 0. By substituting all these quantities into (42), (43) and (49), we obtain a contradiction according to Lemma 12. This completes the proof. (⇒). Suppose M is a real hypersurface satisfying (1) . Then M also satisfies (3). Hence from Theorem 6, M is either totally η-umbilical or a Hopf hypersurface with α = k = 1, c = −1. However, by Proposition 14, the latter case cannot occur. We conclude that M is totally η-umbilical, so it is locally congruent to one of the real hypersurfaces listed in Theorem 9.
Proof of Theorem 5. Suppose the Jacobi operator is of Codazzi type. Then M satisfies (3) with k = 0. This contradicts the fact that k = 0 as stated in Theorem 6. The proof is completed.
